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Abstract

In this paper we analyse the Communication and Cache
Conscious Radix sort algorithm,C3-Radix, using the dis-
tributed and the shared memory parallel programming
models.
C3-Radix was originally proposed based on the idea of

the classic Radix sort to exploit the memory hierarchy local-
ity and reduce the amount of communication for distributed
memory computers. Here, we implementC3-Radix on the
SGI Origin 2000 NUMA multiprocessor and make use of
the Message Passing Interface (MPI) and the native shared
memory directives of that computer to implement the two
programming models that we want to analyse.

We give results for up to 16 processors and 64M 32bit
keys. The results show that for data sets that are small com-
pared to the number of processors, the MPI implementation
is faster while for data sets that are large, the shared mem-
ory implementation is faster. In the paper, we explain the
reasons for the different behaviours depending on the size
of the data sets.

1. Introduction

The Communication and Cache Conscious Radix sort al-
gorithm (C3-Radix) was proposed as a message passing al-
ternative to the fastest sorting algorithms proposed in the
literarture [7]. The algorithm was programmed using MPI
communication primitives.
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of Spain under contract TIC-0511/98 and by CEPBA. Daniel Jim´enez-
González is supported by “Direcci´o General de Recerca of the Generalitat
de Catalunya” under grant 1998FI-00283-APTIND.

C3-Radix improves the data locality at the memory hi-
erarchy level and reduces the communication steps to only
one, assuring load balance among processors.
C3-Radix makes use of CC-Radix sort which is a se-

quential version of Radix sort that reduces cache and TLB
misses. This sequential version of Radix sort is analyzed in
detail in [8].

Here, we present the shared memory version ofC3-
Radix and compare its behaviour to the distributed memory
implementation on the Silicon Graphics Origin 2000 (SGI
O2000).

The SGI O2000 is a Non Uniform Memory Access archi-
tecture (NUMA) with physically distributed memory and
logically shared memory [13]. Within the SGI O2000, ev-
ery two processors have their own shared memory and can
communicate with the rest of processors through a hyper-
cube interconnection network. However, a directory struc-
ture allows to have a unique virtual address space and multi-
processor cache coherence. With this, processors can access
data in their memory (local) as well as data in the mem-
ory of other processors (remote) by simply using a memory
address. The only noticeable difference between local and
remote accesses is their latency which may be from 3 to 4
times larger for remote data than for local data.

The SGI O2000 can be programmed using both the dis-
tributed or shared memory programming models. On the
distributed side, one can use MPI or PVM message passing
libraries. Here, we have used MPI.

On the shared side, the SGI O2000 offers the possibil-
ity to use a native shared memory model. In this case, the
structure of a NUMA machine is transparent to the High
Level Language programmer for whom it is easier to pro-
gram. However, when a program is not designed to take into
account the structure of the computer, it may suffer from
large memory delays to access remote memory positions.



A good allocation of data can be achieved with the direc-
tives provided by the compiler. With those directives, the
programmer can tell the compiler where to place data in the
proper memory area to make sure that each processor will
have its data set in its local memory.

The two important outcomes of the paper are as follows.
First, the results that show that for small data sets, i.e. 1M
keys, the MPI implementation is faster while for large data
sets, i.e. 64M keys, the shared memory implementation is
faster. Second, the analysis of how the different steps of the
algorithm are executed using both programming models.

The paper is structured as follows. In section 2 we give
an account of the previous work in the topic of sorting. In
section 3 we explain the basics of the original sequential
and parallel versions of the Radix sort algorithm for com-
pleteness. In Section 4 we explainC3-Radix sort in its dis-
tributed and shared memory model versions. In Section 5
we describe the experimental setup that we utilize. Sec-
tion 6 is devoted to compare the execution of the two ver-
sions of the algorithm and understand their behaviour on the
SGI O2000. Finally, in Section 7 we conclude.

2. Previous work

In the field of parallel sorting, efforts have been ad-
dressed to solve the problem for disk resident data [4, 11,
1, 3] and for memory resident data [5, 6, 12].

Usually, research on disk resident data focusses on min-
imizing the traffic between the disk and the memory. Thus,
those works increase the locality of computations by work-
ing on data subsets that fit in the memories of the processing
nodes.

In some of the disk resident papers [11, 1, 3] and one
of the memory resident papers [6], some memory hierarchy
locality issues are addressed. However, to our knowledge, a
comparison of the behaviour of shared and distributed pro-
gramming models and the way they exploit locality has not
been addressed explicitely yet for Radix sort.

3. Classic Sequential and Parallel Radix sort

Let us suppose that we want to sortN integer keys of
b bits each. Radix sort is based on the idea of sorting the
key by digits ofbi consecutive bits where

Pm�1

i=0
bi = b.

For each digit, starting from the least significant one, the
method makes use of any other sorting method. In our
case, we use the counting algorithm [9] which is divided
into three steps. These steps can be followed with Figure 1
where an example of 2 decimal digit keys is given. First,
using the values of digiti, the method builds a histogram of
theN keys on2bi counters (count). Second, partial sums of
the counters are made in such a way that they can be used as

indices to store theN keys into2bi buckets in an auxiliary
destination vector (accum.). Third, the keys are moved to
the corresponding buckets in the destination vector with the
help of the indices created previously. Note that the count-
ing algorithm requires auxiliary memory of size the set of
keys to be sorted, to hold the destination vector. Also, it
requires additional space for the set of counters. This se-
quential algorithm is described in [9].
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Figure 1. Radix sort for 2 decimal digit keys.

The distributed parallel version of this algorithm is simi-
lar to the sequential one adding some communication steps.
Let us suppose that theN keys are distributed evenly ac-
cross theP available processors. Initially, each processor
performs locally the three sequential steps on the least sig-
nificant digit of b0 bits. This initial sequence has perfect
load balance. After that,2b0 local buckets are formed in
each processor. Note that the data contained in each local
bucket is a subset of the data of a global bucket. Now, the
objective is to perform an all to all communication so that
full global buckets are placed in the same processor. After



that, the sorting of theb1 bits of the second least significant
digit starts. This will be repeated for each of the digits of the
keys. Depending on the data distribution, the sorting of the
rest of digits will lead to considerable load unbalance given
that Radix sort requires each global bucket to be placed in
the memory of one only processor to avoid extra commu-
nication. The problem of Load Unbalance for the classic
parallel version of Radix sort was addressed in [12]. There,
global buckets could be shared by as many processors as
necessary to avoid unbalance.

The shared memory version of the classic Radix sort dif-
fers from the distributed memory one in the fact that each
communication step is substituted by a synchronization.

An important aspect of the distributed memory version
of Radix sort is that it requires a communication step af-
ter the local sorting of each digit. In the case of the shared
memory version, reads and writes are made to remote mem-
ory incurring a lot of extra stall time. This, together with the
problem of load balance, is solved with the Communication
and Cache Conscius Radix sort that we explain in the fol-
lowing section.

4.C3-Radix Sort

To increase the data locality of Radix sort on distributed
memory computers, we proposed how to make use of Re-
verse sorting [7]. This consists in starting the sorting pro-
cess with thebm�1 most significant bits of the key on the
local data. With this, each processor forms in parallel2bm�1

local buckets with its local data using the three sequen-
tial steps described above (histogram construction, partial
sum of counters and data movement). Next, each processor
broadcasts the counters so that all processors know the to-
tal amount of keys per global bucket. With this knowledge,
all processors decide independently what global buckets are
assigned to what processors. In our implementation, we as-
sign full global buckets to each processor. After that, local
buckets are sent to the destination processor to form a global
bucket. This is done in an all to all communication phase.

For the case of shared memory computers, the Reverse
Sorting phase is performed similarly and each processor
forms in parallel2bm�1 local buckets using a subset of all
the keys. This subset does not intersect with the keys ac-
cessed by other processors. Each processor also makes use
of private counters.

After the Reverse Sorting phase, a global synchroniza-
tion is executed and all the processors read the counters of
the rest of processors. Once it is decided what global buck-
ets are assigned to what processors, the data movement is
performed so that data belonging to one global bucket are
moved to contiguous memory positions. Then, each proces-
sor performs the local sort on the global buckets assigned to
it.

Some comments can be made to Reverse Sorting, how it
is implemented and the effects that it has on the sorting of
the least significant digits:

� After the reverse sorting, keys in one bucket have the
same value in theirbm�1 most significant bits. Thus,
global buckets get sorted among them after that phase.

� Sorting theb � bm�1 least significant remaining bits,
can be done sepparately for each bucket. At this point,
it is possible to use any sequential sorting method
given that each bucket is assigned to one processor. In
particular we use CC-Radix sort [8].

� In order to balance the load of processors, we per-
form as many Reverse Sorting steps as necessary. With
each of those steps, the set of buckets increases and
the granularity of those buckets decreases. This gives
more chances of having smaller buckets which may
lead to a balance in the load.

� Finally, we reduce the amount of data communicated
by reasigning logic processors to physical processors
dynamically [7]. With this, we reduce the global
amount of data communicated and avoid unnecessary
communication.

4.1. Implementation ofC3-Radix

We can think ofC3-Radix sort as if the key was divided
into two sets of most significant and least significant bits.
The most significant bits may be divided into several digits
upon which several Reverse sorting steps may be applied
depending on the global data skew. This number of bits can
vary and depends on the global data skew. The least signif-
icant bits are the bucket sorting bits. The method applied
to those least significant bits is CC-Radix sort and it is de-
scribed in detail in [8]. CC-Radix also applies a Reverse
sorting phase to the bucket sorting bits to reduce the TLB
and cache misses and a Radix sort phase to the remaining
bits.

In any case, the size of the digits used for the Reverse
sorting and CC-Radix phases are algorithmic parameters
and depend on the architecture of the computer. We give
details of the size of the Reverse sorting digits in the fol-
lowing paragraphs and in [8] we give a model to compute
the size of the digits for CC-Radix sort.

The description of message passingC3-Radix sort fol-
lows in the next five points. After that description, we com-
ment on the differences with the shared memory version of
the algorithm.

1. Reverse sorting. Using Reverse sorting, each proces-
sor builds2bm�1 � P sub-buckets locally with the
bm�1 most significant bits of the key. The choice of



bm�1 is a trade-off between the number of buckets (it
should not be smaller than the number of processors),
the number of counters (it should not be too large for
communication and memory reasons) and the architec-
tural features of the computer like TLB size, size of the
cache hierarchy, etc.

2. Broadcast of counters. The local2bm�1 counters are
globally broadcasted so that each processor knows the
total amount of elements per bucket. If this partition-
ing achieves good load balance, the algorithm pro-
ceeds to point 3. Load balance is achieved if the num-
ber of keys in the set of consecutive buckets assigned
to any processor (K keys) isK < N=P +Unb, where
Unb is the unbalance allowed.Unb depends on the
data skew and the architecture of the computer.

In the case of load unbalance, points 1 and 2 are re-
peated on the followingbm�2 bits for all the local
buckets. Points 1 and 2 can be repeated as many times
as necessary on lesser significant bits.

Note that each additional Reverse sorting step implies
more counters to be broadcasted. In particular, after
two Reverse sorting steps, a total of2bm�1+bm�2 coun-
ters should be broadcasted.

3. Computation of bucket distribution. In order to reduce
communication, all processors decide a reasignation
of Logic processors to Real processors with the help
of the counters received during the lastBroadcast of
countersstep.

4. All to all key communication. The local buckets of
each processor are redistributed as decided in point 3.
This is performed with a unique communication of the
keys. At the end of point 4, each processor has one or
more complete global buckets.

5. Local sorting by CC-Radix sort. Each processor sorts
the global buckets assigned to it with CC-Radix sort.

The main differences between the Distributed and
Shared Memory implementations of the algorithm are as
follows:

� The key vector is declared as a set of local independent
subvectors in the MPI version and as a vector with a
unique address space for the Shared Memory version.
However, in the shared memory case, we make use of
compilation directivepage place that helps to as-
sign chunks of the data vector to the memory of a spe-
cific processor.

� The Broadcast of countersphase is changed into a
global synchronization and a set of remote accesses of
each processor to the counters of the rest of processors.

� Computation of Bucket Distributionis implemented so
that the number of remote accesses is reduced in the
phases that follow.

� TheAll to all key communicationis translated into re-
mote accesses to data.

5. Experimental setup

The algorithms that we analyze and compare in this pa-
per are tested on the SGI O2000 at CEPBA1.

The building block of the SGI O2000 is the 250 MHz
MIPS R10000 processor that has a memory hierarchy with
private on-chip 32Kbyte first level data and instruction
caches and, external 4Mbyte second level combined data
and instruction cache. One Node card of the SGI O2000
is formed by 2 processors and 128Mbytes of shared mem-
ory. Groups of 2 Node cards are connected to a router that
connects to the interconnection network. In our case, the in-
terconnection network is a 2-dimensional hypercube with 4
routers. Therefore, communication between processors that
are at different distances varies considerably.

One important issue is that neither the MPI primitives
nor the IRIX 6.4 Operating System allow an explicit control
of the mapping of logic processors to real processors.

In the shared memory implementation of our algorithm,
we have made use of directivepage place that allows the
programer to place variables in the local memory of specific
logic processors. This way, we are able to control were data
are placed and exploit data locality as much as possible.

The measures of time have been taken with the help of
the getrusage() routine.

The measures given in the following section are for Ran-
domly distributed data. In this paper we have not shown
results for other distributions because we showed that our
algorithm is robust in such cases in [7].

6. Analysis ofC3-Radix sort

In this section, we analyze the behavior of the shared
memory version of Communication and Cache Conscious-
Radix sort algorithm on the SGI O2000 and compare it to
the distributed memory one. First, we make a global com-
parison of the shared memory version and the distributed
memory version of the algorithm. Second, we analyze how
the cycles spent by the algorithm are distributed into the
different phases of the algorithm.

For the SGI O2000, each Reverse sorting step is per-
formed on 5 bits. The reasons for this stem from the size
and use of the TLB. In particular, a user of the SGI O2000

1CEPBA stands for “Centre Europeu de Paral.lelisme de Barcelona”.
More information on CEPBA, its interests and projects can be found at
http://www.cepba.upc.es



has access to only 48 TLB entries and, therefore, 32 buck-
ets (5 bits) is the number of bits that cause a smaller number
of TLB misses. More details on this and the relation of the
TLB with the memory behavior of the method can be found
in [8].

Troughout this section we give values of Cycles per
Sorted Element (CSE). CSE is the number of machine cy-
cles taken to execute the algorithm divided by the number
of elements to be sorted. We have used the number of cycles
taken by the slowest processor in order to show execution
speed. Moreover, we have used the mean number of cycles
taken by all the processors involved in the computation in
order to analyze the trends for the different phases of the
algorithms.

Figure 2 shows the CSE for the slowest processor for
each of the executions of the two implementations ofC3-
Radix sort. The plot gives results for 16 processors and 1M
to 64M 32 bit keys. The main difference between both im-
plementations is how they behave for small and large data
sets. For sets of keys up to 8M keys, the MPI implementa-
tion is faster than the shared memory one. For larger data
sets, the shared memory version is faster. Now, we concen-
trate on the details of both implementations to understand
their different behaviour.

1M 2M 4M 8M 16M 32M 64M
0

5

10

15

C
SE

C3-Radix w/ MPI
C3-Radix w/ Shared Memory

Number of keys

Figure 2. Cycles per Sorted Element for the slowest
processor of each execution of the MPI and Shared
Memory versions ofC3-Radix sort with 16 proces-
sors varying the data set from 1M to 64M integers.

Figure 3 shows the CSE for 16 processors and 1M to
64M 32bit keys for both the distributed (1st column of each
pair) and shared memory versions (2nd column of each pair)
of the algorithm. The results shown in the plot stand for
the mean CSE of all the 16 processors involved in one ex-
ecution. There, we can see the different phases of the al-
gorithms. Equivalent phases in both implementations are

named the same although they are implemented differently.
For instance, theCounter Movementphase performs ex-
plicit communication in the MPI implementation while it
is implemented with a global synchronization and remote
accesses in the shared memory version.

1M 2M 4M 8M 16M 32M 64M
0

5

10

C
SE

Data Movement
Counter Movement
Comp. bucket dist. & Reasignation
CC-Radix
Reverse Sorting & Balance Calculation

Number of keys

Figure 3. Distribution of Cycles per Sorted Element
for the different stages of the MPI and Shared Mem-
ory versions ofC3-Radix sort with 16 processors
varying the data set from 1M to 64M integers. The
first column of each pair stands for the MPI im-
plementation and the second column stands for the
shared memory implementation. The results shown
in the plot stand for the mean CSE of all the 16 pro-
cessors involved in one execution.

Now, we comment on the differences for each of the
phases

� Reverse Sorting & Balance Calculationphases take
more cycles for small sets of keys in the shared mem-
ory version than in the distributed memory version.
The reason for that is twofold. First, it is caused by the
mapping of data that forces directivepage place in
the shared memory version. As a matter of fact, for
small data sets this directive does not place data as ex-
pected, that is, some data are placed remotely. As a
consequence, most of the accesses that should be made
to local memory are made to remote memory. Sec-
ond, if data are stored in the memory of a few pro-
cessors there may be memory contention due to multi-
ple accesses concurrently by remote processors. Those
two aspects increase the amount of CSE for the shared
memory version considerably. Those problems do not
appear in the MPI implementation because this phase
is performed on local data.
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Figure 4. Comparison of the MPI and Shared Mem-
ory versions ofC3-Radix sort varying the number of
processors from 2 to 16 with a data set fixed to 16M
keys.

� CC-Radixphase is influenced by the same aspects as
theReverse Sorting & Balance Calculationphases.

� The amount of CSE for both theComputation of
Bucket distribution and Reassignation of processors
andCounter movementis similar for both implemen-
tations.

� Data Movementhas a larger CSE for the distributed
memory implementation. There are two reasons for
that. First, the MPI primitives make use of memory
buffers for communication. Therefore, there may be
double copy of data at each end of the communication.
Second, there is an explicit synchronized communica-
tion between the sender and receiver processors which
may introduce synchronization delays. Only one pro-
cessor receives data from a specific processor at a spe-
cific moment.

On the other hand, the shared memory implementation
allows all processors to be reading from any memory
position at the same time. This allows overlapping of
reads and writes due to the fine granularity of such ac-
cesses. In other words, the shared memory implemen-
tation performs asynchronous access to data reducing
the amunt of stall cycles in that phase.

Figure 4 shows a comparison of the two implementations
for a fixed amount of keys (16M keys) on a varying number
of processors. There, we can see that there is not a sig-
nificant difference between the implementations when the

number of processors varies and the amount of data is kept
constant.

Finally, we want to understand how efficient are the al-
gorithms and we measure that by means of the speed-up.
Figure 5 shows the speed-up of the distributed memory ver-
sion ofC3-Radix sort. We only show this version of the
algorithm because both implementations behave similarly
for 16M keys as we showed above. We measure the speed-
up against the best sequential algorithm the we know, CC-
Radix sort. We can see there that a speedup of around 8 is
achieved for the algorithm on 16 processors. This is quite
remarkable given that speed-ups of only 3 were achieved
with the previous fastest sorting algorithms [7].
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Figure 5. Speed-up ofC3-Radix sort.

7. Conclusions

In this paper we have compared a distributed and a
shared memory implementations of theC3-Radix sort al-
gorithm on the NUMA computer SGI O2000.

In general, the shared memory version of the algorithm
behaves better for large data sets while the distributed mem-
ory version is better on small data sets.

The reasons for this different behaviour stem from the
characteristics of the data movement between processors
and data placement of both models

� Communication is explicit with the distributed version
of the algorithm. In this case, there is a need for
buffering and synchronized communication which in-
crements the amount of communication time. On the
other hand, shared memory allows concurrent mem-
ory accesses by different processors. This reduces the
communication time.



� The data placement in the shared memory implemen-
tation causes remote accesses during phases that are
performed on local data in the MPI version. This is
especially noticeable for small data sets where the to-
tal amount of incremental time due to the placement
overweights the gain due to the characteristics of com-
munication explained in the previous point.
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