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Abstract

This paper proposes an algorlthm for computing

symmetric eigenvalues and eigenvectors that uses a one-

s]cled Jacobi approach and is targeted to a multicomputel-

in which nodes can be arranged as a two-dimensional

mesh with an arbitrary number of rows and columns The

algorithm is analysed through simple analytical models Of

execution time, which show that an adequate choice of the

mesh configuration (number of rows and columns) can

improve performance significantly, with respect to a one-

dirnensional configuration, which is the most frequently

considered scenario in current proposals. This

improvement is especially noticeable in large systems. i

1 Introduction

Many authors have t’ocused on the problem of computing

the ejgenvalues and eigenvectors of a real symmetric

matrix on different types ot’ computing machines,

including systollc arrays (i.e. [2], [6]) shared memory

rnu]tiprocessors (i.e. [I]) and distributed memory

multiprocessors (multicomputers, for short) (i.e. 14])

Those proposals in which the target system is a nresll-

connectecl rnulticomputer are particular y relevant, sl ace

this type of parallel machine organization IS consiciered to

be a promising platform for large scale efficient

supercomputing.

[n this paper. the tar-get system is a 2f’-node wormhole

multicomputer, arranged as a 2“x2[’ two-dimensional four-

neighbour mesh, with any value for r and c, provided that

F+( = d. Therefore, the results of this paper are useful in

the context of application specific mesh destgn or in the

context of rnulticomputers which allow such an arbitrary

configuration of the nodes, as it is the case of tramputer-

based systems. Additionally, the results of the paper are

useful as a first step to solve the problem of eigenvalue

and eigenvector computation on a rnulticomputer- with a
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fixed configuration 01 n(x{es (i,e a squared two or three

dirnenslona[ mesh). ~vhlcb is the subject of further work

[8]

Proposals for parallel elgenvalue and eigenvector

colnputatlon are frequently based on Jacobi methods

because, a]though they require more arithmetic

computations than others (e.g. QR iteration), they exhibit

a large degree ()[ potential parallelism, The one-sided

.lacobi method 13\ [s particu Iarly attractive since it has

lower commumcation requirements than the alternative

two-sided method I [()]

,Several approaches have been proposed for the

parallel {)rganlzation of the computations in a Jacobi

method. SL] cb approaches are referred to as Jacobi

m-(lerlngs .A particular- (ugamzation of o Jacobi ordering

i n the form (f a set ot’ cooperating processes (or nodes) is

referreci to as a Jacobi algorlthm,

Parallel Jacobi algorlthrm for eigenvalue computation

on mesh lllLlltic\>lll}]Llters known to Lls use a one-

dirnensional organization of the nocles, either with a

wraparound link (1 e r]ngs) or without It (i.e. lines). For

this reason, they wi II he called one-dimensional

algorithms. See [4], [2], [9] for a few relevant proposals ot’

one-dimensional algorithms.

This paper proposes a novel Jacobi algorithm that uses

a two-difnerlslolltll” organization of the nodes and will be

called the tw(~-c[illlension:ll algol-ithrn. The algorithm uses

the one-sided Jacobi method and a Jacobi ordering used in

a (>ne-clilllellsloll~~l algm ithm proposed in 14]. We show

that the two-(lllnetlslotlztl algorithm rs more efficient on

the target system than the one-dimensional algorithm,

since it has a lower communication cost. This will be

shown through slnlpie analytical models of performance,

which ennble us to clerr ve the number of rows (2’) and

co]Llnlns (?’ ) that minimize the execution time on the

contigul-able mesh.

The ideas brought together ]n this paper can be used to

derive other twmdimensional algorithms which use

alternative .lacobi (mlenngs. Additionally, our proposal

can also be LlSLXl t’or singular value decomposition (SVD)

since .Tacobl methods can also be applied in this matrix
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computation [1 1].

The rest of the paper is orgtnized as follows: Section 2

describes the target system, the problem, anti the one-

dimensional algorithm that is used for comparison

purposes. Section 3 describes the proposed two-

dimensional algorithm. Section 4 develops analytical

models of’ execution time which are used to evaluate the

proposal. Finally, section 5 summarizes the main

conclusions of this work.

2 Background

2.1 Target architecture

Consider a multicornputer system with 2’1 nodes that can
be arranged as n ~rx2( two.dimensional (~D) fc)L1l-.

neighbour mesh (neighbors in the north, east, west and

south directions), with any value for r and c, provided that

r+c = d. We assume full-duplex links between nodes and

a communication system that uses the wormhole

switching model [7]. In this model, the header of’ the

message is sent through the network to establish a path

between the source and the destination. Then, the rest of

the message is sent in a pipeline fashion, The conclLlsions

of this work can be readily extended to systems with

circuit switching or virtual cLlt-throLlgb roLlting. This is

because the differences among these models, which are

found in the strategies to establish the path or to solve a

conflict in the links or buffers, at-e relev~Lnt neither to the

proposed algorithms nor the evaluation assLlmptions.

A one-port model is assLlmed with regard to the node

organization [7]. In this model, every node can

sendlreceive only one message tolfrom the network. at the

same time. Finally, we assume a synchronous

communication model. In other words, a sending node is

blocked until the messLLge has been completely received

by the destination node.

For algorithm modelling purposes. we assLIme that

nodes spend a time t, to perform a floating-point

compLltation, and a time tf + N x ~(, to send a message of N

floating point numbers (as is common, in a wormhole

system, the time required to establish the path between the

sending and receiving nodes is neglected in comparison to

the startup time t, and the transmission time N x t(,).

2.2 Jacobi methods for symmetric eigenvalue and

eigenvector computation

Let A be [L m x w real symmetric mLLtrix. ~ is an
ejgenvalue of A if there exists a vector ,x such that,

,Ax = ~-

Vector x M the eigenvectm associated with eigenvalLle

h. A Jacobi method for eigenvalue and eigenvectr)r

Computation is an iterative pl”ocedLll”e :Limed :Lt l“edLlcing A

to a diagonal form by applying L1 series of simikwity

transformations. Since similarity transformations preserve

the ei,genvalues, the elements in the diagonal of the

resLllting m:Ltrix are the eigenvzdLles d’A.

plane rotations are LISed to build every similarity

tl-;lllsf{Jl-ln:Ltioll [5], Speclfical]y, in a given iteration k of

the algorithm, a pl:Lne rotation R/{ is used to zero one pzzir

of off-diagonal syrnmetl-ic element. by applying a

simllz Lrity transformation as follows

~/(+ 1 = kR T x,I,, x R,< for k=O, 1,2,.., and Ao= A

The pl~Lne rotation /{1, reqLIH-ed to zero elements Ak.p,q)

:Lnd A,, (q, p) is bLli]t LIpon the values s = sin(UP, L) and

C=COS(CL7,,C,), being C$,cl the rotation angle com ute trom~ d-
Ak(p, q), A,,(p,p) md A,,(q, q) as described in [5]

A total 01’ /~/(//z– 1)/2 distinct transformations are

recluired to zero all the off-diagonal elements exactly

once, This collection of transformations is called a sweep.

The .lacobi method is iterative becaLlse a transformation

may fill elements that had been zeroed in previous

transformations and therefore several sweeps are required

so that A approaches a diagonal form.

The convergence rate of the algorithm depends on the

ordering in which the transformations are applied in one

sweep. The classic J:Lcobi ordering zeroes the off-diagonal

elements in the order determined by their absolute value,

from the highest to the lowest. When Llsing this ordering,

the ~LlgorIthm converges very quickly, but spends most of

dle time searching for the next element to be zeroed. In

the cyclic Jacobi orderlnS, the off-diagonal elements are

zeroed according to a predetermined ordering (i.e., by

rows or by colLlmns ) Even thoLlgh the cyclic Jacobi

ordering needs more swee[m to converge, it is in general

tiLster than the classic 01dering since every sweep has a

lower cost. Finally, when required, the eigenvectors are

obtoined from the col Llmns of matrix ROXR I XR2X...

The lnethod desct-ibed SL)far is referred to as the two-

sidec[ .r:Lcobi method. since in iteration k matrix Ak is

multiplied from the left (by RI(T) and from the right (by

R,L), involving row ancl eolLimn update. Due to this feature,

the two-sided tnethod incLlrs a high commLlnication cost

when irnplemenied on a mLllticomputer, where matrices

are dlstribLKed among the nodes.

As an alternative to the two-sided method, the one-

slded tnethod org:Lnizes the computations in sLlch a way

that only co\Llmn Llpd~Ltes are required. Specifically, the

one-sided methocl organizes the computations as follows

[3]:

)70 = A and U(l = I

XL+ I = XL x R/( :-ml UI(+I = fll, x R/Cfor k=O, 1,2,...

Since A,, = R/,T x ~,,i the values of A1,(p,q), Ak(p,p) and

AL(q, q), whIclI are requ]t-ed in iter:ttlon k to compute the

rotation :mgie cx,j ~,Llsed to bLlild R/{, are recovered from ~k

as follows:
—

I Pt-olll llm~ m. R w1]! (X L]w(I tO dellOIC Clthcl- the l-Ot~tlOll

111:1(1II (II (hc \I11311LIiity tl-ansl’ol mation which oses ihe rOta-

11011In:IlrIY L’ III MldIIIII]?. wl)eI] ITCILIIIUI. R(p, q) denotes

I Ihc N lnnILL1]ty i rmsi’mmon on which mmcs ciements A(P, q)

,lnd its syololcluc
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